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Formulas for the Dielectric Constant and Dissipation 
Factor of Mixtures and Their Application to the 

Cellulose System" 

A. VENKATESWARAN, t The Institute of Paper Chemistry, 
Appleton, Wisconsin 

synopsis 
Formulas for the dielectric constant and dissipation factor of a dielectric mixture of 

many components have been derived assuming (I) that the dipoles can point only in 
two definite directions, along and opposite to the directions of the applied field, and (2) 
that the dipole is a highly anisotropic body having a needle shape. The formula for the 
dielectric constant is applied to calculate the dielectric constant of cellulose a t  any sheet 
density. The application of the Clausius-Mosotti relation for the dielectric constant- 
density relation is discussed. 

INTRODUCTION 

In  his experiments on the dielectric constants of solids, Errera' found 
that solids, which after melting give polar liquids, show anomalous dis- 
persion even in the solid state. His results were confirmed for ice by ex- 
periments of Wintsch2 carried out in Debye's laboratory. Debye ex- 
plained this observed anomalous dispersion of solids by assuming a very 
limited degree of freedom for the orientation of molecules. According to 
this assumption each molecule can point with its moment only in two 
definite directions, the direction of the applied field (F)  and the opposite 
direction. It follows from this that the average electric moment of a 
molecule in the direction of F in a static field is given by 

m = p2F/kT (1) 

(2) 
and 

f i  = (p2F/kT)  [l/(l + iu.)] 

in a variable field. 
In eqs. (1) and (2) p = the magnetic moment of the molecule, F = applied 

electric field, k = Boltamann's constant, T = absolute temperature, w = 
angular frequency, 27rf, and 7 = relaxation time of the molecule. 

* This paper is a portion of the work done on a Postdoctoral Research Fellowship, 

t Present address: Empire State Paper Research Institute, College of Forestry, Syra- 
1961-1963. 

cuse, New York. 
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On the other hand, if it is assumed that the molecule can point' in all 
In a static directions, the mean electric moment is only one-third as great. 

field, its value is 

fit = p2F/3kT (14 

(24 

and in a variable field 

fit = (p2F/3kT)[1/(1 + i w ) ]  
Jatkar, et al.,a following Debye's assumption that a molecule can point 

only in two definite directions, along and opposite to the direction of F and 
also assuming that a dipole is a highly anisotropic body having a needle 
shape, derived a formula for the molar polarization of a single substance. 
For the static field the formula is 

P ( e  - l ) ( M / d )  = 4?rN(~to + p2/kT) (3) 
where P = molar polarization, E = the dielectric constant of the substance, 
M = its molecular weight, d = its density, N = the Avogadro number, 
a. = polarization due to distortion, and p2/kT = orientation polarization. 

In  a variable field, eq. (3) becomes 

P = (e - l ) ( M / d )  = 4 7 4  a 0  + ( p Z / k T ) [ l / ( l  + iw7)l) (4) 

Putting in eq. (4) 

4?rNao = (€0 - 1 ) ( M / d )  

and 

4TN(ao + p2/kT) = (es - l ) ( M / d )  

where eo = the optical dielectric constant and es = the static dielectric 
constant, we get 

P = ( E  - l ) ( M / d )  = (M/d)[eo  - 1 + (eS - €0)/(1 + i07)1 (5) 

or 

€ = €0 + (a - €o)/(l + i w )  (54  

Separating into real and imaginary parts and taking e to be complex, i.e., 

e = € 1  - i e"  

we have 

and 

E" = (Es - €cl)w./(l + a"*) (7) 

where E' and e" are measured values of dielectric constant and loss factor, 
respectively. 
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FORMULA FOR A DIELECTRIC MIXTURE OF MANY 
COMPONENTS 

Consider 1 cc. of the mixture in which there are nl, R, n3, etc., numbers of 
molecules of different types of substances present, so that the total number 
of molecules is n, given by 

n = n l + n z + n 3 +  . .  
Let a1, a2, a3, etc., be the polarizabilities and p1, p2, p3, etc., be the dipole 
moments of each type of molecule, respectively. It is assumed that these 
values of molecular properties, via. , the polarizability and dipole moment of 
each type of molecule, refer to the values when that particular substance is 
in the pure state. 

Introducing mole fractions, we have 

f i  = nd(n1 + nz + 123 +... 1 
= n J C n ,  

(8) 
fz = nz/Cn, 

f3 = ndCn, 
so that 

n 

1 
C f n = l  (9) 

we find the molar polarization of each type of molecule in a variable field is 
given by 

p ,  = (M,/d,)[% - 1 + (era - E , o ) / ( l  + i@T,)1 (10) 
where P, is the molar polarizationof the qthsubstance present inthemixture. 
We assume that the total molar polarization of the mixture is the sum total 
of the contribution of each type. We also assume that the components of 
the mixture are nonassociated, i.e., the molecules are moving totally inde 
pendently of each other. Thus, we have 

P = Plfl + P2.f' + P3f3 + ... (11)  
n 

1 
= C Pnfn 

Putting in the values of PI, P2, Pa, etc., from eq. (10) in eq. ( l l ) ,  P becomes 
n 

1 
P = C ( M n j n / d n ) [ E n ,  - 1 + (en ,  - e n J / ( l  + i@Tn)I (12) 

where tl, h, t),  etc., refer to the relaxation time of each type of molecule and 
refer to that value of the substance in the pure state; also, the molar 
polarization of the mixture taken as a whole is: 
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where c = the dielectric constant of the mixture, and d = density of the 
mixture. 

The density of the mixture is given by 
n 

1 
d = C Mnnn/N (14) 

Equating the right-hand sides of eqs. (12) and (13) and substituting for 
the density of the mixture from eq. (14) and forfl, f2,f3, etc., from eq. (8) we 
have 

n 

1 
e - 1 = C ( M J N ) ( n n / d J [ e ,  - 1 + (en. - en,>/(l  + iwTn) l  (15) 

Now (Mnnn/Ndn) is the volume fraction of nth substance present in the 
mixture, and is denoted by 6,. With this, eq. (15) becomes 

n n 

1 1 
E - 1 = CSn[en,, - 1 + (en* - €$/(I + i w ~ n ) ]  - C S n  (16) 

If E = c' - ie", separating E in eq. (16) into real and imaginary parts and by 
n 

1 
virtue of C 61 = 1, and eqs. (6) and (7), eq. (16) becomes: 

n 

1 
c' = C dnEn' 

n 

where E' = measured dielectric constant of the mixture, c" = measured 
loss factor of the mixture, and D = dissipation factor of the mixture. 

For a mixture of two components eqs. (17), (18), and (19) become, re- 
spectively, 

c r  = 61Cl '  + 8262' 

e n  = 61e1" + 6zcz" 

D = (&el" + &~z")/(61~r' + ~ z c ' )  

(174 

(184 

(194 

In his paper dealing with dielectric properties of a mixture of two liquids in 
static field, Silberstein' derived eq. (17a) from the consideration of thermo- 
dynamic equilibrium. Also in his paper on theories of mixtures for the 
field of stationary current, Wiener6 derived eq. (17) after obtaining mean 
value equations for force, polarization, and energy. In  the present work 
the equations are derived for both static. and oscillating fields. 
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APPLICATION OF EQUATION (17a) TO CELLULOSE SYSTEM 
Equation (17a) is applied to calculate the dielectric constant of cellulose 

at any sheet density as follows. 
Let cellulose and air or vacuum be the two components. Let component 

1 be the solid portion of the sheet at the desired sheet density and compo- 
nent 2 the excess sheet voids. Let the values denoted with subscript zero 
represent the observed values of sheet as tested. e’ is the dielectric con- 
stant and d is the density. With these, 
eq. (17a) can be written as 

& and & are the volume fractions. 

€0‘ = 61q‘ + 62e2’ (20) 

Now do is the weight of cellulose/(volume of cellulose + volume of air) = 
W/(Vl 4- V2) in which “volume of air” includes the volume between the 
sheet and electrode surfaces. 

di = W/Vi 

do/& = Vd(V1 + V,) = 61 

6 2  = 1 - 61 = (dl - dO)/dl 

€0’ = (do/d1)e1’ + [(dl - dO)/dllQ’ 

€It = (d1/do)(ao’ - 1) + 1 

(21) 

(22) 

(23) 

(24) 

and 

Substituting eqs. (21) and (22) in eq. (20) we get 

implifying and taking e’ = 1 (vacuum or air), we have 

where e t  is the dielectric constant of the sheet a t  the desired sheet density. 
The “density” do can be calculated from the ratio of the mass per unit area 
and the spacing between the electrodes, which can be measured by the 
auxiliary bridge arrangement,e while the dielectric properties are being 
made. The equation is applied to bleached sulfite pulp, cotton, linters, and 
regenerated cellulose. 

PREPARATION OF SAMPLES 
A 100% bleached sulfite pulp and acetate-grade cotton linters were 

chosen for the present study. In 
order to prepare samples of satisfactory formation from unbeaten pulp, the 
sulfite pulp and cotton linters were first disintegrated in a British disinte- 
grator for 300 revolutions and then further disintegrated in a Waring 
Blendor for 10 min. To prepare sheets from beaten samples the pulps were 
beaten in a Jokro mill. The sulfite pulp was beaten for 35 min. and the 
cotton linters were beaten for 75, 140, and 215 min. 

In  order to prepare sheets of uniform formation a sheet mold of 92 cm. 
in height, giving a sheet of 200 in area was used. The consistency of 

Both the pulps were of high a content. 
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slurry used was approximately 0.05%) giving handsheets of about 65 g./m.2 
basis weight. 

The sheets immediately after formation were first pressed under 50 psi 
for 5 min. The blotters were changed and the sheets were further pressed 
at  the same pressure for 3 min. The sheets were then air dried, by keeping 
them between rings in a room conditioned at  73'F. and 50% R.H. 

DIELECTRIC CONSTANT MEASUREMENTS 

Apparatus 
A conjugate Schering Bridge designed according to ASTM standards was 

used in the present study. This equipment was built by Delevanti and 
Hansen7v8 and was described by them. The electrode arrangement used in 
the present work was built by Calkins.6 Briefly, the system consisted of a 
pair of electrodes of 44.2 cm.2 area, so mounted that the electrode pressure 
could be varied for a considerable range. The electrode system was en- 
closed within a bell jar resting upon a base plate and could be evacuated 
to 0.1 p. 

Method of Measurement 

Using the substitution method, dielectric constant and dissipation factor 
were measured. To measure the dielectric constant of the sample in vac- 
uum the sample was placed between the electrodes. The test capacitor 
system was covered with the bell jar. The pressure in the system was re- 
duced to 0.1 p. It was found that the equilibrium state was reached after 
35 hr. Steady values of the capacitance and loss factor dials were taken as 
an indication of the equilibrium state. Measurements were made at  1, 2, 
5, and 10 kcycles/sec. 

The weight of the vacuum-dried sample, to determine sheet density was 
obtained in the following manner. After measurements were made, dry 
air was let into the system. This was done by first passing air through a 
tube 24 in. long packed with glass beads and CaS04 and then through an- 
other tube of the same length packed with glass beads and P2OS. When the 
system reached atmospheric pressure, the bell jar was raised and-the sample 
was transferred into a weighing bottle in a few seconds. The difference 
between the weights of the weighing bottle with and without the sample 
gave the weight of the sample. Since the CaS04 used was of the indicating 
type (changing color when moisture was absorbed), fresh CaSO4 was used 
at suitable intervals. 

Calculation of the Dielectric Constant 
and Loss Factor of the Fiber Alone 

If C2' and C2 are the readings of the capacitance dial and C4' and C4 are 
the readings of the dissipation factor dial without and with specimen, 
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respectively, then the dielectric constant (e’) and dissipation factor (0) of 
the specimen were calculated from the following equations: 

B = 4~d(C2’ - CZ)/l.llA (25) 

TABLE 111 
Regenerated Fibers’ 

Apparent 
dielectric 

constant at 
Apparent standard 
dielectric density 1 

Electrode constant, using eq. (24), 
pressure, do, frequency at 1 frequency a t  1 

psi g./cc. kcycle/sec. kcycle/sec. 

510 0.447 1.91 3.04 
565 0.467 1.95 3.04 
685 0.488 2.01 3.07 
700 0.498 2.03 3.07 
760 0.505 2.04 3.06 

.. Data of Wiener.6 

TABLE IV 
Kraft Pulp 

Apparent 
dielectric 
constant, 

frequency at .06 Density do, 
No. kcycle/sec. g./cc. ( €  - 1 M S  + ado 
1 1.28 0.242 0.3528 
2 1.75 0.547 0.3656 
3 2.51 0.848 0.3948 

TABLE V 
Regenerated Fibers 

Apparent 
dielectric 
constant, 

frequency at 1 Density do, 
NO. kc ycle/sec. g./cc. ( €  - I)/(€ 4- 2)do 

1 1.83 0.428 0.5063 
2 1.91 0.447 0.5206 
3 1.95 0.467 0.5150 
4 2.01 0.488 0.5162 
5 2.03 0.498 0.5133 
6 2.04 0.505 0.5097 
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where A = area between the electrodes (in square centimeters), f = fre- 
quency (in cycles/second), and R in the present case = lo4 ohms. 

An edge correction was applied by using a formula described by Scott 
and cur ti^.^ 

In Tables 1-111 are given the apparent dielectric constants and the cal- 
culated values of apparent dielectric constant at a standard density l by 
using eq. (24); 

The polarizability of a nonpolar dielectric is given by 

p = [(E - 1>/(€ + 2>I(M/d) (27) 

If polarizability is considered a constant characteristic of the molecule 
independent of density, the dielectric constant may be related to density, 
i.e., 

[(t - I)/(€ + 2)1(1/4 = k (28) 

where k is a constant. This is one form of the well-known Clausius- 
Mosotti relation. 

Van den Akker and his students at The Institute of Paper Chemistry 
applied eq. (26) successfully to demonstrate the relation between dielectric 
constant and density of cellulose. The relationship was verified for kraft 
pulp by Hansen,8 for native cellulose by CalkinslB for regenerated fibers by 
Verseput,l0 and for bleached sulfite pulp and cotton linters by Venkates- 
waran. Some of the results are given in Tables IV-VI. 

DISCUSSION 

It is seen from Tables 1-111 that the dielectric constant of cellulose at 
any sheet density can be computed by using eq. (24). The density of a 
sheet can be changed either by the application of pressure or by beating. 
Table I shows that while the calculated values of the apparent dielectric 
constant of the sheets (at standard density 1) whose densities are changed 
by pressure agree reasonably well, the calculated values of the apparent 
dielectric constant of unbeaten and beaten samples a t  the same standard 
sheet density do not show good agreement. This could be due to the fact 
that beating increases the accessible portion (amorphous) of the cellulosic 
material whose dielectric constant is greater than that of the inaccessible 
portion (crystalline) of cellulose. A more detailed account of this effect 
will be published later. 

Tables IV-VI give the results of the application of the Clausius-Mosotti 
relation to cellulose. It should be noted that the constant (E - 1)/(c + 
2)do has different values for different pulps under various conditions. 
Consequently, to determine the dielectric constant of a given pulp a t  any 
sheet density, the constant has to be determined first in a particular case. 
Also, since the crystallinity of cellulose has a profound influence on the 
dielectric constant of cellulose, the calculated values of dielectric constant 
of a given pulp, using the Clausius-Mosotti relation (even if the constant 
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is determined in the particular case) gives an unreliable value. On the 
other hand, the measured value of apparent dielectric constant to’ appear- 
ing in eq. (24) describes the lateral order structure of the material under 
that condition and hence the dielectric constant of a sheet at any density 
calculated by eq. (24) could be a more reliable result. 

Further application of eqs. (17) and (18) will be published in a subsequent 
paper. 

The author wishes to thank Dr. Shiva Yogi Tiwari, Research Professor of Physics, 
Birla Institute of Technology, Pilani, India for helping in the derivation of equations 
and Dr. Van den Akker, Senior Research Associate, The Institute of Paper Chemistry 
for interesting discussions. 
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R & U d  
On a htabili les formules de la constante dihlectrique et du facteur de dissipation d’un 

melange dihlectrique h plusieurs composants en assumant (1) que lea dipoles s’orientent 
seulement dans d e n  directions h savoir la direction parallkle et anti-parallhle au champ 
applique et ( 2 )  que le dipole est un corps hautement asymhtrique ayant la forme d’une 
aiguille. On applique cette formule au calcul de la constante dihlectrique de la cellulose 
en feuille de densite variable. On discute Bgalement de l’application de la relation de 
Clausius-Mosotti que lie la constante dihlectrique et la densith. 

Zusammenfassung 
Formeln fur die Dielektrizitatskonstante und den Dissipationsfaktor einer dielek- 

trischen Mischung aus vielen Komponenten wurden unter der Annahme abgeleitet (I), 
dass die Dipole nur in zwei definierte Richtungen zeigen konnen, namlich in der und 
entgegengesetzt zur  Richtung des angewandten Feldes und (2) ,  dass der Dipol ein 
hochgradig anisotroper Korper von nadelformiger Gestalt ist. Die Formel fiir die 
Dielektrizitatskonstante wird zur Berechnung der Dielektrizitatskonstanten von Zellu- 
lose bei beliebigen Filmdichten angewendet. Die Anwendung der Clausius-Mosotti- 
Beziehung fur die Beziehung zwischen Dielektrizitatskonstante und Dichte wird dis- 
kutiert. 
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